This paper formulates and solves the shape optimization problem for the body of a musical instrument such as an acoustic guitar. A coupling system consisting of a linear elastic body surrounded by a compressible fluid is used to define the frequency response problem with respect to an external force applied to the bridge of an acoustic guitar. The acoustic power on an outer boundary within a given frequency range is defined as the objective cost function. The solution of the shape optimization problem is constructed using the H 1 gradient method. A numerical example is used to validate this approach.
Introduction
Musical instrument manufacturing relies on the experience and intuition of craftsmen because its evaluation involves human sensibility. However, if we could evaluate performance measures such as acoustic power by numerical analysis, we could construct the shape optimization problem mathematically and solve it using a method that we developed. To this end, this paper mathematically formulates a shape optimization problem for musical instruments and presents a numerical example.
Unfortunately, we could find no literature addressing this problem. However, in our previous work [1] , a shape optimization problem for an acoustic-structure interaction system consisting of a vehicle-like structure was formulated to reduce noise for passengers. In that study, it was assumed that a sound pressure field is surrounded by a linear elastic body, and a dynamic load is applied to its outer boundary. In the present work, we assume that a linear elastic body excited by a dynamic load is surrounded by a sound pressure field, and the objective is to increase the acoustic power. A preliminary report on this work was presented in [2] . However, the shape derivative of the acoustic power was evaluated by a boundary integral formula.
Domains and design variable
Let us define the domains depicted in Fig. 1 . Ω S0 and Ω A0 ⊂ R d (d ∈ {2, 3}) denote the initial domains for a linear elastic body and a compressible fluid surrounding it entirely. Ω A0 is assumed to be bounded so that the finite element method can be used. Let Ω 0 = Ω A0 ∪ Ω S0 , and let Γ R0 denote its boundary ∂Ω 0 , on which the Sommerfeld radiation condition (a type of Robin boundary condition) is defined. On the other hand, Γ D0 ⊂ ∂Ω S0 and Γ N0 = ∂Ω S0 \Γ D0 (where¯denotes closure) represent the Dirichlet and Neumann boundaries, respectively, with respect to the linear elastic body. Further- more, Γ p0 ⊂ Γ N0 denotes a nonhomogeneous Neumann boundary corresponding to the bridge of the acoustic guitar used for a loading condition. In this paper, we assume that Γ N0 \Γ p0 is piecewise C 2 and variable, and that Hypothesis 9.5.3 in [3] is satisfied.
Following the formulation of the shape optimization problem presented in [3, Chapter 9], we use a displacement of the domain variation φ ∈ D ⊂ X as the design variable, where the linear space and admissible set are defined as
With respect to an initial domain or boundary denoted as (
State determination problem
Using the design variable defined above, let us formulate a state determination problem, the solution of which will be used to define a cost function later. The frequency response amplitudes (Fourier transforms) u ∈ S ⊂ U of the elastic displacement and velocity potential ψ ∈ P ⊂ Ψ with respect to a given dynamic force
in an assigned frequency domain F = (ω 0 , ω 1 ) ⊂ R (0 < ω 0 < ω 1 ) are used as the state variable of a musical instrument. Here, with respect to φ ∈ D, we assume that the linear space and admissible set for ψ and those for u are defined as
With ψ, the sound pressure and particle velocity in the medium are given by iωρ A ψ and −∇ψ, respectively. We use the constant i for the imaginary unit; c for the acoustic phase velocity; ρ S and ρ A for the densities of the linear elastic body and compressible fluid, respectively; g S and g A for the structural damping factors of the linear elastic body and compressible fluid, respectively; and r S = 1+ig S and r A = 1+ig A , respectively. Furthermore, ν A and ν S denote the outer unit normals on ∂Ω A (φ) and ∂Ω S (φ), respectively. ∂ νA represents ν A ·∇. For the linear elastic body, E (u) = ∇u T + ∇u T T /2 and S (u) denote the linear strain and stress, respectively, with respect to u. Using the definition above, we set the state determination problem as follows using ω ∈ F .
Problem 1 (Sound radiation problem)
Problem 1 is used as an equality constraint in the shape optimization problem. For later use, we define the Lagrange function with respect to Problem 1 as
In this paper, ( · ) c denotes the complex conjugate. By using L S , the weak form of Problem 1 is written as
Shape optimization problem
Because the design variable and the determination problem of the state variable for musical instruments have been defined, a shape optimization problem can be constructed. In accordance with the objective of this paper mentioned in the introduction, we use a negative value of the acoustic power level as the objective cost function for minimization; it is defined as
where
Here, π 0 = 1.0 × 10 −12 is the minimum acoustic power audible to human ears. Furthermore, to avoid disappearance of the linear elastic body, we prepare a constraint function
where c 1 denotes a constant indicating the lower limit of the volume of the musical instrument. Using these cost functions, we formulate the following shape optimization problem. Problem 2 (Acoustic power maximization) With respect to f 0 and f 1 in (5) and (7), find φ that satisfies
Shape derivatives of cost functions
To solve Problem 2, we apply an iteration scheme using a gradient method based on the Lagrange multiplier method. We set the Lagrange function for Problem 2 at
, where λ 1 ∈ R is a Lagrange multiplier for f 1 , and L 0 is the Lagrange function for f 0 , which is defined as
The second term on the right-hand side of (9) was added because f 0 is a functional of the state variables. The Fréchet derivative with respect to the domain variation (shape derivative) of f 0 can be obtained using the stationary conditions of (9) as follows. The Fréchet derivative of L 0 is written as
L 0 is stationary with respect to an arbitrary variation ζc 0 ,v c 0 ∈ Ψ × U , namely, the third term on the righthand side of (10) becomes 0, when (ψ, u) is the solution of Problem 1, because
L 0 is stationary with respect to an arbitrary variation ψ ,û ∈ Ψ × U , that is, the second term on the righthand side of (10) 
where a ( · ) ( · ) is defined in (2) and c g = 10/ (π (φ, ψ) ln 10).
2 are the solutions of Problems 1 and 3, the Fréchet partial derivative of L 0 with respect to an arbitrary variation ϕ ∈ D, which consists of the first term on the right-hand side of (10), coincides with the shape derivative of f 0 satisfying the equality constraint of Problem 1. Hence, we have
where Fig. 2 . Initial shape of an acoustic guitar and boundary conditions (the side view is transparent with respect to the mesh).
In the equations above, Θ N (φ) denotes the set of corner points (when d = 2) or edges (when
d is a tangential unit vector. On the other hand, the shape derivative of f 1 is obtained as
H 1 gradient method
A solution of the shape optimization problems based on a gradient method on X is presented in [3, Section 9.9.1], in which the gradient method is called the H 1 gradient method. To use it, we confirm the precondition that g i ∈ X (dual space of X) for i ∈ {0, 1}, as follows. Because the variable boundary is set on the homogeneous Neumann boundary Γ N0 \Γ p0 , if the opening angle on ∂Γ N (φ) ∪ Θ N (φ) is less than π, then we have
On the basis of this confirmation, the search vectors obtained by the H 1 gradient method belong to at least the W 1,∞ class without neighborhood of singular points [3, Theorem 9.8.6].
We find the search vectors ϕ gi ∈ X for i ∈ {0, 1} that satisfy
where c a > 0 is a constant to control ϕ gi and
is used. In (14), E ( · ) and S ( · ) are the linear strain and stress tensors used in Problems 1 and 3, respectively.
Numerical example
We developed a computer program to solve Problem 2. Problems 1, 3, and (13) are solved by the finite element method. The initial shape of an acoustic guitar is shown in Fig. 2 , and Fig. 3 shows that of the entire system with the acoustic pressure field. The optimized shape is illustrated in Fig. 4 . The body length and the radius of the spherical sound pressure field are 1.0 and Step number k The frequency response curve defined by σ (ω) = 10 log 10 1 π 0 ΓR0 ω 2 ρ A c |ψ| 2 dγ and presented in Fig. 6 shows a uniform increase in (25, 80) Hz.
